We consider the pseudo-p-Laplacian operator:
Introduction
The pseudo-p-Laplacian, defined bỹ
was introduced in order to study the Euler Lagrange equation associated to the energy functional
Belloni and Kawhol in [7] have proved that the eigenfunction associated to∆ p is Lipschitz continuous by observing that, more generally, this holds for any solution of∆ p u ≤ 0. The proof in [7] cannot be extended to the case where the right hand side changes sign. In [1] we consider the equation
where Ω is a bounded C 2 domain of R N , and prove that Theorem 1.1. If f ∈ C(Ω), (resp f ∈ L ∞ (Ω) ), and u is a viscosity (resp. W 1,p (Ω)) solution of (1.1) then u is Lipschitz continuous in Ω. Furthermore there exists some constant C which depends on (N, p, Ω) such that for any f ∈ C(Ω) (resp f ∈ L ∞ (Ω)) and for any u a viscosity (resp. W 1,p (Ω) ) solution of (1.1),
This theorem was proved using technics of viscosity solutions, by observing first that weak (W 1,p (Ω)) solutions are viscosity solutions, then proving the result for viscosity solutions and f continuous, next regularizing f and then u, to get by passing to the limit the regularity result also for the weak solutions.
The main result of this paper is the following :
For all γ ∈]0, 1[ and for any 0 < r < 1 there exists C depending on (γ, p, N, r) such that any u viscosity (resp. weak ) bounded solution in B 1 of
For any p > 2+ 1 4 and for all B r , r < 1, there exists C depending on (p, N, r) such that for any u as above
This result will still be obtained remarking that weak solutions are viscosity solutions, using the q norms as in [1] and a localization process as in [2] . The restriction p > 9 4 is probably only due to the method employed, and has no reason to be a real restriction.
The methods here employed can be extended to fully nonlinear anisotropic equations, as well as to the case where p < 2, up to provide a convenient definition of viscosity solutions in that singular case.
While i was finishing this paper i learned the existence of a recent result of Bousquet, Brasco, and Julin, [3] which present some Lipshitz regularity result for the degenerate pseudop-Laplacian ∂ i (|∂ i u| − α i )
= f under the conditions N = 2 and N ≥ 3 and p ≥ 4.
Reduction of the problem
We prove in that section that if the regularity result holds for u a C viscosity solution and a right hand side f ∈ C(B(0, 1)), then it is also true for weak solutions and f ∈ L ∞ (B(0, 1)). For that aim we first observe that
, then there exists some constant C depending only on (p, N, Ω), such that for any u weak solution of the Dirichlet problem Note that this result can also probably be obtained arguing as in [9] , i. e. using Moser's iteration technics.
We now recall the following
This is proved in [1] , and [7] . Suppose now that f ∈ L ∞ (B(0, 1) and that u is a bounded weak solution
and u ǫ be the unique weak solution of
Using the estimate (2.1), together with standard ) to u. (In fact one can prove that the convergence is strong, but we do not need it here) . Using the results in section 3 and 4, for viscosity solution and a right hand side continuous and bounded, there exists some Lipschitz constant depending only (N, p, r) such
. From this one gets the result for u by passing to the limit.
This permits to assume in the next sections that f is continuous and that u a C-viscosity solution.
Local Holder regularity
We suppose here that p ≥ 2, that u is a bounded viscosity solution of∆ p u = f in B(0, 1) and f ∈ C(B(0, 1)). We will prove that for any r < 1, the solution is for any γ < 1 Holder continuous in B r . For that aim we define for L and M to be precised later, borrowing partly ideas from [2] 
the essential difference being that here we use the q norm |x| q = (
the conjugate of p ( | · | 2 denotes the usual euclidian norm). We shall prove that for L and M large enough independently on x o ∈ B r , ψ(x, y) ≤ 0. Then choosing first x = x o , secondly y = x o , we will obtain the Holder's result in B r .
We suppose that L(1 − r) 2 > 8 sup u, and assume by contradiction that the supremum of ψ is > 0 . Suppose that (x,ȳ) realizes the supremum. Then the assumption on L forcesx andȳ to be in B 1+r
Then, using the definition of semi jets ( [11] ), there exist X and Y in the space of symmetric matrices in R N , and q
(To be more correct one must add a small constant to L which can be neglected here, [2] ). In the sequel we denote q i = M|x − y| γ−q |x i −ȳ i | q−1 (x i −ȳ i ) andD the diagonal matrix with entries |q i | p−2
. One easily gets that BD =DBD has the form BD
Then in particular BD has one eigenvalue large negative associated to the eigenvector v, given by
Multiplying (3.1) byD on the left andD on the right one also has
This implies that XD + YD ≤ 0 and
as soon as M is large with respect to L. Note also that due to Ishii Lions [11] there exists a universal constant C such that
In particular since L is small behind M, L, |X|, |Y | ≤ CM|x −ȳ| γ−2 .
In the sequel we need to evaluate ||q
and prove that it is small with respect to (γM|x−ȳ| γ−q ) p−1 . In order to do so, we use the mean value's theorem. Take θ < inf(1, p−2) and write for some t ∈]0, 1[ ||q
, we can conclude using the fact that u is both a sub-and supersolution of the equation :
This is clearly false for M large enough since f is bounded.
Lipschitz interior regularity for
In this section we prove that the bounded viscosity solutions of∆ p u = f in B 1 are Lipschitz continuous in any B r , r < 1, when p > 2 + .
We define ω(s) = s − s , then choose γ < 1 and k large enough in order that
We want to prove that ψ(x, y) ≤ 0 in B 1 for L large enough. Assuming by contradiction that the supremum is positive, then it is achieved on some pair (x,ȳ). The assumptions on L force (x,ȳ) to be in B and to satisfy
On a point (x,ȳ) where the supremum is achieved one has
2 (y i − y oi ). We will denote in the sequel
Let us recall that due to [11] , for B = D 2 (g(|x − y|)),
. We do not need to compute them explicitly; we only use that both their two norms are less than some constant times L. Note that since the solution has been proved to be
The same inequality hold for |ȳ − y o | 2 .
Let us observe that X + Y ≤ (||L 1 || + ||L 2 ||)Id by applying the previous inequalities to any vector (x, x) on the left and on the right.
Furthermore
where Then, one of the eigenvalue of B D is given by
And in particular
Note that by Ishi Lions [11] there exists some universal constant C such that . One can then conclude, using the fact that u is both a sub-and a super solution of the equation :
2 + f (ȳ) This is clearly false for L large as soon as f is bounded. This concludes the proof that ψ(x, y) ≤ 0 in B 1 , and in the same time the Lipschitz regularity.
